Modelling of turbulent buoyant plumes  by Van Schaftingen, Jules-Joseph
MODELLING OF TURBULENT BUOYANT PLUMES 
JL.LES-JOSEPH V.&N SCHXFTINCEN 
L‘niti de Mkaniqur AppliquCr 
Cnivrrsit? Catholique de Louvain 
B-13-48 Louvain-la-Neuvc. Belgium 
Communicated by J. C. J. Kihoul 
(Rrceiwti Ucrohrr 1983) 
Abstract-Yih’s model for the computation of the velocity and temperature fields in a 
turbulent buoyant two-dimensional plume is reexamined. It is shown that, by means 
of a suitable calibration. the analytical solution of the model is in good agreement with 
experimental results, although some discrepancy remains. The hypothesis of the model 
are critically discussed. identifying the role of each of them in the remaining differences 
between theory and experiments. 
I. INTRODUCTION 
The mixing length theory imagined by Prandtl [I] has led to approximate results for tur- 
bulent tlows. However, velocity distributions obtained by application of this theory on 
flows in pipes are higher than those observed experimentally. 
A simpler theory has been later presented by Prandtl [2], assuming eddy viscosity to 
vary only with the longitudinal distance along the pipe. 
Works by GGrtler [3] and Laufer [4] allow comparison between theoretical results and 
measurements. They show that accurate velocity profiles are calculated in the core of the 
flow, but not near the wall. This effect is attributed to the sudden change of viscosit) 
along the boundaries. 
Yih [5] has applied the simplified theory to plumes emerging from line or point sources 
of heat. He not only assumed that eddy diffusivity as viscosity remains constant in each 
cross section but also that it varies like viscosity along the plane of symmetry or the asis 
of the plume, i.e., that the turbulent Prandtl number (denoted here by Pr) is a constant 
all over. He has found analytical solutions for discrete values of Pr: 213 and 2 in the case 
of plane plume, 1.1 for the round plume. His solution is calibrated from experimental data 
measured by Rouse rt crl. [6] and compared with these: the agreement is rather good. We 
will discuss here other ways of calibrating the solution and emphasize that some of them 
are more reliable while providing similar results. 
Two kinds of discrepancies can be distinguished between theoretical results and es- 
periments in the case Pr = 2/3. A numerical solution shows that one is due to the 
particular value of Pr, while the other is due to Prandtl’s simplified theory. 
2. EQUATIONS OF PLANE TURBULENT BUOYANT PLUMES 
We consider an infinite horizontal line source of heat. .r is measured vertically upward 
and )’ in a horizontal direction normal to the line source. Corresponding mean velocities 
are denoted l( and 11. 
It is well known that the steady continuity equation together with the Boussinesq ap- 
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prosimation reduces to 
iill r7i’ ---= 0 (1) 
d.r i,J, 
so that vve can infer the esistence of a stream function. 
Assuming that the characteristic length along the .r-axis is much larger than along the 
x-axis. second order derivatives with respect to .Y are negligible in the momentum equation. 
and vve write 
r)ll Jl( ii’11 
{,-- + iI- = (( + v---; (1) 
a.r a r?.v- 
where i, denotes the eddy viscosity and (I denotes the mean buoyancy, which we consider 
as the only significant source of momentum. 
The energy equation can be written in terms of (I. and for the same reason as for (2) 
one readily obtains 
iltr iJn a’rr 
I/-- + i,- = K, 
ax rl? a_Y- 
where I? denotes the eddy diffusivity. 
We assume that _Y = 0 is a plane of symmetry: hence 
(3) 
1’ = 0 
i)ll 
-0 
v- 
fory = 0. (4) 
drr 
-= 0 
r)l’ 
Granting that buoyancy and buoyancy gradients vanish at y = 0, we obtain by inte- 
gration of (3) along the x-axis 
(3 
so that we can set 
where p,, is the reference specific 
V is assumed to be constant in 
analysis 
mass. 
each cross-section and can be written by dimensional 
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Yih has found the following similarity transformation 
and (3) and (3) can now be written 
-g g” = ‘ff”’ + 0 
-Pr (6 g)’ = b” 
with boundary conditions 
g(O) = g”(0) = 0 cb’(O) = 0 
g’(+x) = 0 b(tx) = 0. 
Equation (6) reduces to 
-= g’(q) 6(q) dn = l/h”. 
- -7z 
By (9-b) and (IO), cb can now be written 
and (9) becomes 
Z-l? 
(8) 
(9) 
(IO) 
(I I) 
(12) 
(13) 
with boundary conditions 
g(0) = g”(0) = g’( k-x) = 0. (1-l) 
Let us consider the analytical solution found for Pr = 313 
g(n) = 3 5 tanh(Bn) with 5 = (24 A”)-“.’ (15) 
so that 
b(n) = 6 B’lcosh’ (54. (16) 
Recalling that II = CJ$/CI~. the value of the vertical component is determined by (8) and 
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(13). and Eve obtain 
i/ = 0.8-llS/h”~ (G/p,)“‘icosh’(Brl). (17) 
Measurements of Rouse give 
II = 1.80 (G/p,,)’ ’ exp[ - $(TiO. 125)‘]. (18) 
The problem arising now is to calibrate the theoretical solution (17) with the experi- 
mental curve (18). i.e. to find convenient values of A and B. 
Yih equals the coordinates of the points of inflexion. It appears however that the nu- 
merical calculation was Lvrong and while he finds h = 0.01337 and B = 7.051 the correct 
values calculated in this way are A = 0.0217 and B = 5.333. The theoretical value of the 
vertical component of the velocity is then 
II = U0 (G/p,,)“’ licosh’(5.268~) (19) 
with U. equal to I .81 while Yih finds I .99. The agreement with (18) seems to be particularly 
good (see Fig. 1). (8-B) can be written with our corrected values 
cf = (G/P,,)“~ 1i.r (2.183)/cosh’(5.268$ (20) 
while measurements of Rouse give 
(I = (G/p,,)“’ I/X (2.6) exp[ -J(q/O. I I)?] (21) 
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Fig. I. Experimental and theoretical vertical component of velocity and buoyancy in a cross-section. Theoretical 
solution corresponds to Pr = 33 and is calibrated on the point of inflesion of’ the velocity profile. 
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Fio b. 7. Same as Fig. I but the theoretical solution is calibrated on the vertical component of the velocity on the 
plane of symmetry. 
Other ways of calibrating the model are possible: we can set the parameter A by im- 
posing the velocity or the buoyancy to be equal on the plane of symmetry, or even by 
equalling the points of inflexion of the buoyancy. All corresponding results are presented 
in Table 1. 
One notes that all these values are consistent. However, the calibration of the model 
based on the location of inflexion points likely lacks reliability, since experimental func- 
tions are obtained by curve-fitting on a set of points and since the gap between two curves 
may remain small while their inflexion points are distant. 
On the other hand experimentalists can correctly measure parameters on the plane of 
symmetry, especially the velocity. Curves obtained by this calibration are compared with 
experimental ones on Fig. 2; theoretical curves are slightly different to those shown on 
Fig. I. One observes the good agreement of velocity component u in the core of the plume. 
Table I. Values of vertical component of velocity and buoyancy on the plane of 
symmetry. Theoretical solutions correspond to Pr = 2i3. 
Dimensionless velocity Dimensionless buoyancy 
Calibration on the plane of symmetry on the plane of symmetry 
Experimental results of Rouse 1.80 2.6 
Point of inflesion of velocity profile I.81 1.183 
Velocity on the plane of symmetry 1.80 2.160 
Point of infle.xion of buoyancy 1.89 2.377 
profile 
Buoyancy on the plane of symmetry 1.97 1.6 
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but ws remark that the theoretical value outside is larger than the experimental one. This 
last assertion is also valid for buoyancy; moreover in this case discrepancy remains im- 
portant in the core. too large anyway to be set down to the inaccuracy of the experiments. 
Let us rather recall the main hypotheses of the theoretical calculations: 
(i) the eddy viscosity is assumed to be constant in each cross section 
(ii) turbulent Prandtl number Pr remains constant over the whole domain 
(iii) theoretical results are obtained with Pr equal to 2’3 while experimental value is 
likely close to 1. 
Values of II and cl at the outside of the plume on Fig. 1 can certainly be explained if eddy 
viscosity is not constant as assumed in the first hypothesis but decreasing from the core 
to the boundary. The fact that momentum and heat are exchanged by the same phenomenon 
justifies the second hypothesis. Finally the discrepancy of buoyancy in the core has to 
be imputed to the third hypothesis as we show in the next section. 
3. NUMERICAL RESULTS FOR Pr = I 
We have solved equations (13) with boundary conditions (14) by a finite difference 
shooting method algorithm. The model is calibrated by imposing the value of the vertical 
component of velocity I( on the plane of symmetry, i.e. the value of hg’(0). The algorithm 
works as follows: initial values of A and b. are chosen and (13-a) is solved by finite 
difference discretization from the origin to the boundary (we will select for illustration rl 
= 5). Equation (13-b) and boundary condition (14-c) are then checked and values of A 
and 4,) corrected until (13-b) and (14-c) are verified. Results given by this algorithm for 
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Fig. 3. Same as Fig. I but the theoretical solution corresponds to Pr = I and is calibrated on the vertical 
component of the velocity on the plane of symmetry. 
Turbulent bou)snt plums\ ‘1’) 
Pr = ‘~‘3 are undistinguishable from the theoretical curves of Fig. 2. One should fear that 
some difficult behavior of the analytical solution should not be reproduced by means of 
the numerical scheme. Let us remark houever that ( 13-a) near the origin can be tvritten 
using the boundary conditions: 
( 
Q’(O) 
- g’(O) g “‘(0) q: = y”‘(q) i o,,) I - y- q: J (23) 
so that the characteristic length of function g near the origin is 
L, = I/&,? (23) 
Thus L,. vanishes only if +o (and hence buoyancy) is infinite, what is physically impossible. 
Results plotted on Fig. 3 have been obtained with steps d_rl equal to 0.000156: double 
precision arithmetic is then mandatory. Half steps have been used for checking the 
convergence. 
One can see the same kind of phenomenon as with Pr = Z/3. i.e.. values of 11 out of 
the core are greater than those of Rouse. Value of buoyancy in the core is nevertheless 
far better due to smaller diffusivity. 
4. CONCLUSION 
We have emphasized the importance of usin g reliable experimental variables for cal- 
ibrating theoretical results in the case of the turbulent two-dimensional plume. The dif- 
ferences one still observes are shown to be due to the Prandtl simplified theory, i.e.. the 
assumption that eddy viscosity remain constant in a cross section. 
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